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Abstract
In various industrial production environments a burn-in phase of a specific settling-length precedes a stable (i.e. steady-state,
stationary) process mode. The identification of the corresponding physical parameters may be difficult to perform in the presence
of strong noise. We propose a method using isotonic regression which circumvents the negative effects of heteroscedasticity related
to naive estimation procedures adding robustness against different occurrences of scale on which the run-in effect is observed.
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1. Introduction
Industry 4.0 focuses on digital technology and the connection between physical objects like sensors or machines
and the Internet. One of the fields of application for industry 4.0 is predictive maintenance. For the idea of Industry 4.0
to become a reality, much work remains to be done in developing methods for identifying and predicting failures so
that industrial process improves their reliability [13]. In this context, our approach to diagnose anomalies associated
with the initial, non-stationary run-in phenomena in production processes will shed light on what time series analysis
can contribute to computerization of manufacturing. We propose a method determining the corresponding settlingtime which is specifically robust with respect to varying time-scales at which these effects appear.
1.1. Problem Description
Initial phenomena of a stochastic process related to the gradual assimilation of a stationary working mode may
for example be related to transients in oscillations [16], warm-up phases in temperature sensitive dynamics [40],
∗
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initial concentration levels in chemical reactions [36], or transitions into mechanical equilibrium of hydrological
lubrication of friction pairs [21] in production machinery. Trimmed mean, as well as quantile regression methods
have successfully been applied for rendering decay parameter estimations more robust [9]. More recently, isotonic
regression has been proposed for exponential parameter estimation methods overcoming the usual order restrictions
[31]. The reciprocal of this parameter then acts as a characteristic measure of the order of magnitude of the settlingtime. E.g. in control theory, it is defined to be proportional to the reciprocal of the product of natural frequency and
damping factor [19]. In particular, for reliability estimation [4], the isotonic maximum likelyhood estimators have been
shown to be superior to standard MLE of ’time-until-failure’. In the present approach, however, the applications are
concerned with a monotonic approach of equilibrium, i.e. monotonic functions of time with the addition of noise and
outliers, to which monotonic regression is reasonably applied. We consider robustness problems against (A) simple
outlier-noise, and (B) robustness against the ignorance of the scale on which the noisy run-in process is to appear.
1.2. Role of robustness of our approach
Different approaches have been proposed to handle outliers in the training data [33]. Another difficulty involving
the lack of robustness is the lack of reliability of parameter estimations in the presence of noise [25]. In particular,
small deviations of the parameter probability distribution can cause disproportionately large changes in the estimates
of these parameters [42]. In this work, we aim at designing a robust parameter estimation algorithm of run-in anomalies. Specifically, for exponentially decaying anomalies in the initial phase of an asymptotically stationary process,
we present a method that reliably estimates the decay parameter on much larger regimes of possible values than the
conventional ’naive’ exponential regression technique. Our method uses isotonic regression, which, even though not
robust to outliers (which we discuss), presents an improvement in terms of the size of the possibly occurring settlingtimes, before the process assumes a steady state. Such an algorithm makes it possible to eliminate the effects of the
run-in period and its interference with other anomalies which may have to be anticipated for maintenance interventions. Our contribution is a method for estimating the anomalies associated with the initial start-up (burn-in, run-in,
transients, warm-up etc.) processes that may precede the stationary mode of operation. Since it is usually not known
in advance on what time-scale these preceding anomalies act, it is desirable to have a method diagnosing them which
is invariant against strongly changing lengths of this characteristic ’settling- time’. This specific form of robustness is
the main purpose of this work.
The paper is structured as follows: Section 2 presents the state-of-the-art in relation to the use of the related regression analysis to cope with anomaly diagnosis scenarios in the industrial domain. Section 3 presents the mathematical
definition of our approach, i.e. we formulate the related regression problems as linear programs and analyze their associated robustness properties in comparison with the naive approach. Section 4 contains the experiments on artificial
and real data associated with tasks (A) and (B), followed by the discussion of the results in Section 5.
2. Parameter Estimation for Production Processes
2.1. Frameworks for applying robust parameter estimation
In recent years, data-monitoring in the production industry has made great advances in terms of the ability to
document production steps with an arbitrarily high number of sensors. While in the early days, only malfunctioning
production history was ’stored’ and analyzed, today the observation of also the well-working production modes are
performed, as a matter of a standard routine. So, since the data is available on a large scale, its availability has revolutionized manufacturing by offering companies the ability to implement machine-to-machine (M2M) or machine-tohuman (M2H) communication and analytical technologies to increase productivity to the highest levels ever known
[13]. However, in spite of this enormous progress, there are still several challenges in the way these data are analyzed
and used in a prescriptive way that needs to be faced by factories of the future [30].
One of the great challenges of current industrial research is the inability to predict failures before they occur [29].
Moreover, these questions of so-called predictive maintenance [23] are strongly intertwined with the strong increase
in the complexity of cyber-physical systems. While the anticipation of failures has always been a very eminent area
of study, the emergence of high performing machine learning predictive tools (such as deep learning) has lifted the
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strategy of maintenance from the case-by-case basis to that of a prediction problem. Both, model predictive control
approaches [39], as well as survival analysis techniques [26]. In both of these approaches, robustness plays an eminent
role for the potentially positive impact that they can have to detect the malfunctioning of machinery before it fails and
causes damage [1].
In this regard, the statistical research community has been working repeatedly on the design of robust methods
that can properly anticipate failures [18, 27, 28]. In principle, this may seem like an easy task, but due to robustness
problems related to parameter estimation in a noise-affected environment [33], it may be difficult to be put into
practice. In particular, standard regression schemes (such as exponential regression [26]) may fail because of the
difficulty to obtain reliable estimates of parameters describing the specific types of failures that are going to happen.
2.2. Process decomposition: Systematic part, noise, anomaly
First, it is necessary to define what is commonly understood by failure. Moreover, although there is no broad
consensus on its definition, most authors agree that failure is anything deemed to occur when the system experiences
an abnormal condition, such as a malfunction in the actuators or sensors. In the last years, there has been some
research in the direction of investigating new robust statistical techniques to estimate the dependence of a failure
of several factors associated with the system and that can be monitored in real-time, with robust regression being
one of the most promising techniques. In robust statistics, robust regression is a form of regression analysis
designed to circumvent some traditional limitations of parametric and non-parametric methods. Simple least squares
regression schemes are not robust to outliers. Following [43], one possible definition of an outlier is observations
that do not follow the pattern of the other observations, even though this does not provide a prescription of its detection.
We think that a good solution for this type of problem can be made through regression techniques [2] along with a
definition of an ’anomalous observation’, or just ’anomaly’. Given a real-valued discrete-time signal, which we view as
a standard [6],[15] stochastic process Xt : Ω → R, t ∈ N on a suitable probability space of paths (Ω = RN , F , µ) with
the product-sigma algebra F = ⊗i∈N B(R) of the Borel σ-algebras of the real numbers R and a probability measure
determined by the finite dimensional distributions, i.e. probabilities µ({Xti ∈ Bi }i∈I ) with Bi ∈ B(R), |I| < ∞), of which
we assume that it possesses the decomposition into a systematic (non-random) part f : N → R, some additive ’noise’
Wt : Ω → R, and some random process It : Ω → R
Xt (ω) = f (t) + Wt (ω) + It (ω).

(1)

By choosing Wt (ω) to fulfill E[Wt ] = 0, this lets us define the anomaly to be It (ω), i.e. the process describing the
deviation of Xt of the systematic part f (t), ’in expectation’.
2.3. Regression Models
Regression models allow predicting the value of a continuous variable based on other variables [22]. As in the
previous point, the rationale behind regression is to learn from the relationships of variables in the past by inferring
that those relationships will be preserved in the future. This group would include information as useful as the analysis
of the remaining lifetime of a mechanical component. Our algorithm here depends on Isotonic regression rather than
exponential one.
Exponential regression assumes the data includes a non-random component (trend) which follows an exponential
curve. In its simplest form a linear model is fitted to the logarithm of the given data [26]. This transformation linearises
the data, but also introduces a non-homogeneous scaling of the variance leading to heteroscedasticity[22]. Moreover,
the logarithm only taking positive values as an argument for the (inverse) data-transformation makes it impossible to
consider data which by the shift of the noise isn’t within this domain. Naturally, smoothing procedures regularising
the time series can solve this problem, if the scale parameter (’span’ in the case of LOESS; ’f’ in [12]) is known.
Robustness against the occurrence of a large variety of scales involves comparatively complicated adaptive scale
parameter estimation schemes [41].
Isotonic regression [37] or monotonic regression is the technique of fitting a free-form line to a sequence of observations under some ordering constraints of the fitted values [5]. In its simplest form, the fitted free-form line has to be
non-decreasing everywhere, and fulfill a least-squares condition of the residuals [32].
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In the case of run-in anomalies, it is often necessary to react to the non-linear shape of the underlying systematic
trend by a suitably chosen data-transformation in order to linearise the data and make standard regression techniques
applicable (as in exponential regression). Isotonic regression, however, allows direct application of minimizing the
sum of squared residuals. The specific constraints, if used in a suitable way, already deliver much of the solution
of the task imposed by the occurring non-linearities. The a-priori knowledge about where the systematic part of the
signal is monotone can be used in an essential advantageous manner to make isotonic regression the method of choice.
3. ’Run-in’ anomaly diagnosis in industrial domains
We now define our approach to estimate the parameter characterising a burn-in anomaly. In the first part, we assume
an exponential decay anomaly with characteristic exponential decay behaviour. In the second section we generalise
the approach to arbitrary anomaly shapes with a scaling parameter (λ) describing the extent of the run-in period.
The estimation procedure is defined by transforming the data with run-in anomalies into a form allowing parameter
estimation with linear regression. It is based on a model of the general functional form Iλ (t) = I(λt) of the anomaly. By
modeling the inverse image of the given data under f (t) = f1 (t) by linear regression and with special care to minimize
the bias introduced by strong additive noise, it is possible to retrieve a robust image of the scaling parameter λ.
We start by considering a signal of type
Xt (ω) = f (t) + Wt (ω) + It

(2)

where Wt ∼ N(0, σ) is Gaussian noise, and It = a exp(−λt) is chosen non-random, here, of which we assume to
know only the amplitude a. (Note the strictly decreasing form of the considered anomaly.)
N
Let X = (ti , Xti )i=1
be a sample of size N. The following protocol defines our isotonic regression method:
• [1] Perform isotonic regression on X under the constraints of non-increasing values Yt , and initial value Y0 .
• [2] Using the interval [0, T ] of times t for which Yt > 0, define Zt = log(Yt /Y0 ).
• [3] Apply a linear model for Zt , t ∈ [0, T ] to receive the estimate b
λ as the linear regression coefficient.
Note that the set of points [0, T ] on which the inverse of f (t) exists is an interval, due to the decreasing nature of the
solution Yt to the isotonic regression problem. For comparison of this specific approach with a more straightforward,
but naive solution to this parameter estimation problem, we consider a standard method using a smoothing filter,
before applying the inverse transformation.

b
Fig. 1: LEFT: Linear Scale. The blue curve is the function f (b
λt) = ae−λt for the estimated value of the true λ = 0.05, while the magenta and green
curves represent the naive solution using LOESS-filtering. Red: All points at t with Y (0) > 0 have been considered. Green: Only points up until
the first occurrence of a negative argument Yt(0) of the log is included in the linear model. It is seen that the major influence for bias of the naive
solutions is the large amount of data excluded with negative values of Yt(0) (Red), even for the relatively small size of the interval of considered
points (Green). RIGHT: Same result on logarithmic scale, only with data Xt > 0 shown.

Namely, the LOESS filter, as a local finite degree polynomial regression is applied to the initial data Xt , with a
hitherto unknown ’span’-parameter for the smoother’s ’stiffness’ (the extent of the support of the convolution-kernel).
• (1) Calculate the LOESS-smoothing filtered version Yt(0) of Xt .
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• (2) Using the set T of time values for which Yt(0) > 0, define Zt(0) = log(Yt(0) /Y0(0) ), with t ∈ T .
• (3) Apply a linear model for Zt(0) , t ∈ T to receive the estimate λb0 as the linear regression coefficient.
We will refer to this as the Naive Method 1. An improved modification of it, called Naive Method 2, differs only in
the choice of T in step (2) not including all data with Xt > 0, but only the initial uninterrupted interval of time-values
of such (positive) data points.

Fig. 2: Twelve runs of the experiment through 3 degrees of noise σ (columns) and 4 different scaling parameters λ (lines), with a constant spanparameter for the Loess filter of 0.1, for each of which hundred independent noise functions have been sampled. In each instance, the first two
boxplots represent Naive Method 1 (mean shown by magenta line) and Naive Method 2, while the third boxplot represents our method using
isotonic regression. Comparison of the parameter estimates shown underneath the boxplots documents the isotonic regression method to be mostly
superior, and to deliver reasonable estimates (the confidence interval containing the target λ value represented by the blue line) on a much wider
range of parameters λ and noise levels σ than either of the naive methods. (The vertical axes show the scale of the scaling parameter λ.)

It is seen from Figure 1 that the choice of data points T (which excludes those not in the domain of the logarithm)
has a crucial bias. Any parameter estimation method using the (second) data-transformation step has to cope with the
values which noise has shifted outside of the range of values accessible by the linearising transformation (the inverse
function of t 7→ fλ (t)). In these applications, it therefore has shown to be advantageous to be more strict about the
choice of which t to include in T (see ’Results’, end of Section 4.1). Whatever additional constraint for this set has
been used, however, the isotonic regression method has always shown to be more accurate than the two smoothed
exponential regression methods.
Most importantly regarding the robustness of the estimation method, choosing a parameter (as ’span’ in the LOESSFilter) is not required for our technique. In particular, if the same quality was to be achieved with the LOESS-methods,
a considerable amount of additional parameter estimation would have to be invested to pick the right value for span
(cmp [41] for smoothing parameter estimation in the framework of generalized additive models).
The fact that the (blue) isotonic regression solution is correctly mapping the decay has to do with the lack of
’stiffness’ present in the LOESS-approach, even though the anomaly only consumes a small part of the total considered
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time interval. This independence of a geometric parameter characterising the scale is the main reason for the robustness
of the isotonic regression method.

4. Experiments
The advantage of the application of the isotonic regression method to monotonic anomalies is documented here in
the form of two use cases. Please note, that we are particularly interested in accuracy, and robustness.
4.1. Use Case (A) - Observation of a calibrated counting process
The data shown is taken from a project in which integer-valued counting events are estimated by the difference of
a sensor’s performance in action and the sensor’s performance away from the environment of use. The sensor issues
a non-zero noise-related default value, which has to be subtracted from the values obtained while actually measuring
the number of counting events for calibration. Even though both of these two estimated counting events are increasing
functions in time, the difference is not strictly increasing, as they are independently measured data sets. So, even
though the process is expected to be an increasing integer number, the measured value maybe not strictly increasing
due to this calibration process. This calibrated counting process is an application for the fault detection topic where
these counts can be used to detect trends or outliers which may indicate a deficiency in the machines producing them.
The project partner remains anonymous, as are the specific details of the nature of the process producing these events.
In these counting events experiment, we fit three different algorithms. Linear regression, isotonic regression, and
quantile regression are compared in order to document how they perform with this data. Figure 3 shows the results
that we have obtained for the baseline case. The data shows a particular incidence of run-in anomaly of exponentially
decreasing intensity, merging into the steady state mode in which the registered counting events are linearly increasing.
In order to demonstrate their effect, we then proceeded by adding outliers, before we fitted the regression lines
again, and measured the RMSE for these new lines’ predictions of the original data without the outliers. The RMSE
is used to measure the differences between values predicted by a model and the values observed [8]. In Figure 4,

Fig. 3: Use Case (A): This figure shows how the different kinds of regression fit the data points from an experiment with noisy data with a
(negatively) curved systematic part.

we have added ten percent of outliers in the upper part. It is seen how the different regression methods react to this
modification. We have repeated the same experiment but this time we have added the outliers in the bottom part so that
we can observe the behavior of the three different kinds of regression. Figure 4 shows the repetition of this experiment
with twenty percent outliers added to the data.
Table 1 shows the results of root-mean-square error (RMSE) for the three methods under study. As it becomes
obvious, isotonic regression is best in the low noise regime. It remains to be the least affected in the case of the
outliers added below the increasing curve with negative curvature.
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(b)

Fig. 4: On 4a we have 10% of outliers on the upper direction while on 4b the outliers are presented downwards

Method

RMSE

Isotonic
Linear
Quantile

0.01
0.07
0.10

RMSE 10%
upwards
0.08
0.09
0.07

RMSE 10%
downwards
0.18
0.19
0.20

RMSE 20%
upwards
0.12
0.12
0.08

RMSE 20%
downwards
0.25
0.27
0.29

Table 1: Summary of the quality of the considered regression types under different degrees of outliers for noisy data with a curved trend. It is seen
how isotonic regression looses its advantage over standard linear regression, and quantile regression with increasing level of outlier-concentration,
while a slight advantage of its use remains if the outlier is towards the ’inner’ (here: lower) side of the curved data. Even though the RMSE is much
higher for data with outliers (showing the principal non-robustness of isotonic regression), its slight advantage in the case of outlyingness towards
the ’inner side of the curve’ is visible.

It seems clear that the overall increasing nature of the data points in this data-set makes it reasonable to apply
isotonic regression as the solution to the isotonic regression method is characterized by being a monotonic function.
Quantile regression estimates the conditional quantile or median instead of the mean which is used in Linear regression. Moreover, in order to verify the robustness of the three kinds of regression, we have proceeded to introduce
extreme outliers to our data by sampling some data points and changing their values (here 1.5*maximum. value) and
examine the effect of these outliers on the fitted function.
4.2. Use Case (B) - Power absorbed during drilling
Data from a production process involving drilling is considered for four different cycles over a period of time
including the initial run-in process together with some length of steady-state operation (see Fig. 5). The data shows
the momentarily applied power, controlled such as to keep approximately constant drilling speed. It is seen that for
the case of span parameters large enough to guarantee a monotonic solution of the naive approach (Naive Method 2
used here), the isotonic regression method is approximating the true data significantly better.
As the span parameter becomes smaller, the error of the LOESS-smoother becomes smaller, but the approximating
solution of the naive method progressively develops more fluctuations, which the isotonic method inhibits due to its
order restrictions. The result of the experiment is shown in Fig. 2 and compares two applications of Naive Method 2
with our isotonic regression approach. The first LOESS-method uses all positive smoothed values, while the second
LOESS-method is restricted to the time before a third of the first time the smoothed curve becomes negative. For the
isotonic regression, this (1/3) rule has also been applied (to the first time the isotonic regression solution becomes
negative). The LOESS-methods are better in the range of small λ. The second LOESS-method remains comparable in
the other regimes, but is clearly outperformed by the isotonic regression method in high noise and quickly decaying
exponential anomalies.
5. Results and Discussion
A model based parameter estimation method has been suggested to register exponentially decaying run-in anomalies of real-valued time series production process data. The method outperforms standard smoothed exponential regression techniques both in accuracy and in terms of robustness against scale variability.
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Fig. 5: Use Case (B): Application of the LOESS- and Isotonic Regression method to measured power absorption data of an industrial drilling
process (including the run-in effect) controlled to eventually have constant rotational drilling speed. Apart from the data (grey points), the solution
of the Naive Method 2 is shown in solid red, and the solution of the isotonic method is shown in solid blue. The dashed red line is the LOESSsmoothed approximation of the data of step (2), while the dashed blue line represents the isotonic regression of step [1]. Four different measurements
(columns) are shown, to which three different span-parameters of the LOESS method are applied (lines). The RMS-error from the original data
is always smaller for isotonic regression (εiso vs. ε s ). It is particularly superior to the situation in which large non-monotonous fluctuations occur
(2nd and 3rd columns). Note, that these can be interpreted as ’outliers’ as considered in Use Case (A). Moreover, a larger stiffness of the smoother
of the naive method, represented by a larger span-parameter λ, generally strongly increases the discrepancy between the results.

The discussion of Use Case (A) involving outliers particularly shows that the sensitivity of isotonic regression to
outliers is high. In spite of this lack of robustness (comparable to that of simpler regression techniques), we were able
to show its advantage for the special case of monotone anomalies in the presence of strong Gaussian noise. This even
remains, if outliers remain on the ’inner’ side of the curved underlying systematic part of the data. This demonstrates
the advantage of knowledge about monotonic and convex behaviour of the systematic (non-noisy) part underlying the
input data, to gain an improvement over conventional - if more generally applicable - regression techniques.
Another aspect is the non-parametric nature of the isotonic regression method, proposed here. While the theoretical
results 1 show a clear advantage over the smoothed exponential regression technique for a fixed parameter of the
LOESS-smoothing range (here: span=0.1), an adaption of this parameter may yield an improvement. However, even
though this may be achieved through linear computational cost, the sensitivity to non-independent noise may increase
the lack of robustness against outliers, significantly (see [17], Sect. 6).
Typically, robust regression works by assigning weights to data points: The weighting is usually performed automatically and by iteration through a process called iterative re-weighted least squares [22]. In the first iteration, each
point is assigned the same weight and model coefficients are estimated using ordinary least squares. In subsequent
iterations, the weights are recalculated so that the points furthest from the model predictions in the previous iteration
have a lower weight. The model coefficients are then recalculated using weighted least squares. The process continues
until the values of the coefficient estimates converge within a specified tolerance. As an example, consider the specific
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method of the Sawatzky-Golay Filter ([12], Sect. 2, p. 831), which is used here in the form of LOESS [35]. So, even
though these filters are designed inherently with features enhancing its robustness, for ’monotone-before-noise’ forms
of process-data (such as the run-in anomalies, considered, here), the results of Use Case (B) show that the isotonic
regression method surpasses the performance of these techniques in terms of robustness against changes of scale of
the decay parameter, and even makes its estimation feasible in ranges of noise in which more naive methods fail,
entirely. This and the discussion of Use Case (A) show, that in spite of the general lack of robustness against outliers,
knowledge about the qualitative geometric form of the systematic part of the input data may be used advantageously.
6. Conclusions and Future Work
For monitoring of technical systems and collecting control information about sensor data, it is nowadays often
necessary to use methods with the highest feasibility and versatility in terms of scale in-variance of the given data
anomalies. For the example of exponentially decaying run-in effects we showed the advantages of isotonic regression
over standard exponential regression and smoothing methods appearing by the use of knowledge of the input data’s
monotonicity properties. The results of Fig. 5 are real world data from an industrial drilling process. The increase in
applicability to a wider range of scales (as in Fig. 5) makes our approach competitive in comparison with advanced
scale sensitive methods [41, 9]. Our estimates of the run-in period in the form of the scaling parameter λ allow for
more even control of a constant drilling performance, and should be interesting for applications such as [36, 3, 42].
As future work, we want to lay the foundation for the development of software applications of learning-based fault
detection, diagnosis and prediction i.e. information systems for monitoring and analyzing technical systems involving
robust statistical parameter estimation as an essential ingredient.
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